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On the complete solution of a perturbed topological conformal
field theoryatc =3

A Mukherjeef
Department of Applied Mathematics and Theoretical Physics, University of Cambridge,
Cambridge CB3 9EW, UK

Received 2 February 1993

Abstract. The problem of determination of the flat coordinates for a model of a topological
conformal field theory corresponding to the “twisted’ version of an N = 2 superconformal
Landau-Ginzburg field theory with central charge ¢ = 3 is amalysed here. The model is
characterized by a Landau-Ginzburg superpotential of the form: W = %+ Jy*. All possible
relevant and marginal perturbations with their corresponding couplings (expressed as functions of
the dimensionless flat-coordinate), are added to the above superpotential to give us the perturbed
topological field theory model. It is seen that the couplings can be completely deiermined (and
hence also the dependence of the perturbations on the flat coordinate) by imposing the conditions
of flatness on the space of couplings of the perturbed theory.

1. Introduction and formulation of the problem

Topological Landau-Ginzburg theories {1,2], i.e. the “twisted’ [3] version of the chiral
primary subsector of the class of ¥ = 2 superconformal field theories described by a
Landau—Ginzburg superpotential, have been of much recent interest—not only in their own
right [4], but also because they completely determine the modular dependence of the Yukawa
couplings in string theories [5]. Their study has considerably widened our knowledge of
the interrelations of certain aspects of singularity theory [6] and Picard-Fuchs theory of
differential equations for the periods of holomorphic forms [7, 8]. The correlation functions
of such topalogical models are completely determined by a prepotential (the free energy)
F. In particular, there exists a special set of flat coordinates, #;, in terms of which the
three-point correlation function Cj;; can be expressed {11 in the form

3BF()
ik = 1.1
clk at,-at_,-azk (1.1)
where the associativity constraint implies [1,9]
ZCU’"CHM = ZCf[kajm. (1.2)
m m

Further, there exists a unique coordinate #3 such that the metric 5 (which has been used
for the raising and lowering of indices in the above equation) on the space of the topological
field theory, defined by the two-point function can be expressed as [1]
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6576 A Mukherjee

These coordintes #; are called flaz when the two-point fanction niy (defined above), is an
invertible t-independent matrix—thus providing us with a natural, flat metric on the space
of chiral primary fields [1, 10]. i

Let us now consider the following model of a topological conformal field theory (TCFT)
corresponding to a twisted version of an N = 2 superconformal field theory defined by the
quasi-homogeneous superpotential {6, 11]

Wo(X) = tx* + 1y*

where x(z,?7) and y(z,Z) are Landau—Ginzburg fields with U(1) charges given by

Bl

gx =gy =

The above superpotential corresponds to an N = 2 superconformal field theory (SCFT) with
the central charge ¢ given by [9]

c=6ZF:(%—q,-)=3

and with an underlying (associative) chiral ring structure which is essentially isomorphic to
the multiplicative polynomial ring generated by the basis [9]

R ={1,x,yx% xy, y%, 2%y, xy%, xy*}

The dimension w of the ring is given by [9]

=19

The Hessian of the above superpotential is given by

2
ho(x, y) = det | 270

— Oplyd
a.x,-axj =9 ’

It is clearly non-degenerate at the critical points of Wy and coincides (apart from a numerical
normalization factor) with the unique chiral field with the maxunal U (l) charge The U(1)
charges of the elements of the basis are given by go = {0, 1,2, 1,3, 2,3,3,1]. The
unique chiral field with the maximal U(1) charge is x2y%. All correlation functions of the
unperturbed theory must obey the U/ (1) charge conservation. Thus a correlation function of

the chiral primaries {X; X;,...... X} will vanish identically, unless

Z.ql"""-g'= .

Among these correlation functions, of particular importance are the two- and three-point
correlation functions. In our particular case, the two-point function {x%y?), which is also
identically equal to the expectation value of the chiral field with the highest U/(1) charge,
defines the metric 5.
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Let us now consider perturbing the superpotential in the most general way [1,12]. In
order that the singularity structure of the superpotential is not altered, we must perturh the
theory with fields with &/ (1) charges ¢; < 1 [9, 13], and these therefore correspond to the
relevant and marginal perturbations only. In the context of the N = 2 theory this implies
that the perturbing fields must be linear combinations of our basis fields in %. Introducing
couplings ¢, for each of the fields X, the most general form of the perturbed superpotential
may be written as [1]

N 9 -
WX, 1) = Wy + Zt,,,x,,, 1.3

o=l
where the polynomials X, form the basis of R. The perturbed fields
¢a = 8 W/ ata

satisfy the same multiplicative ring algebra [1,9]

L AYE LS NZ AN
@) G)-2u(5) v

The coefficients C';; form an associative ring algebra (which is, however, no longer
nilpotent). Cne can now define the tensor

. — resi M]
ni; = residue [(B,W)(B,.W) .
Then it can be seen [1,10]:

(i) that the tensor 5 is non-degenerate and can be considered as defining a metric; and

(ii} that the metric 5 has zero curvature, and hence there exists a canonical coordinate
system (defined modulo linear transformations with constant coefficients) in which the metric
is constant (and hence independent of ¢).

The perturbed superpotentizl is no longer quasihomogeneous and hence now the U/(1)
charge conservation no longer hoids. The /(1) charges associated with the couplings
(t1.t2, ... t5) are (1, %, %, %é. %, 41. 41, 0) respectively. The coupling constant #y associated
with the marginal perturbation x2y? is dimensionless and is of special significance as it
provides us with a dimensionless *flat’ coordinate, for which we introduce the special
notation fo = ¢, The perturbing coupiings z, can be regarded as coordinates in the coupling
constant space. The family of TCFT described by W in equation {1.3) corresponds to versal
deformation in singularity theory, with 7, being the parameters of deformation; the point
(.2, ... 59) = (0, 0,...0) comesponding to the unperturbed theory. The coordinates z,
form a distinguished basis in the space of couplings in that they correspond to the directions
that are perturbations by the scaling operators.

Now the choice of the perturbing parameters is not at all unique, as we could as well
have chosen [10] another convenient set of parameiers S,, and we consider the family of
deformed theories characterized by

9
W(X,5.) =Wo+ Y SeXa.

a=1
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We can therefore trade the couplings 7, for any other alternative choice. In particular a
very convenient choice would be the so called flat or special coordinates in the space of
deformations of the theory. Thus we may choose the elements as the set S, to be expressible
in the form

Sa = gal?)

where the g, are unknown functions to be deiermined and ¢ is the dimensionless flat
coordinate defined earlier. In this way we can consider more general deformations (i.e.
those which depend not only linearly on the couplings) of the superpotential, while at the
same time characterize all these deformations by a single parameter ¢. Imposing certain
restrictions for these deformations to be “flat’ these generic couplings g, can be completely

and uniquely determined. We also note that, in accordance with our interpretation of the
deformations, these couplings should all satisfy

Eal)~te + O(P).

Assuming the existence of a system of flar coordinates, the deformation of the
superpotential in terms of the flat coordinates can be generically written as

9
WX, 1) = Wolx, ) + D_ga()Xe

=1

where the suitable forms of the couplings g. are to be determined. Explicitly, the form of
the perturbed superpotential is given by

WX, 1) = Ex* + 1y + 1)1 + g200)x + g3(8)y + g4 (2% + gs(Oxy + ge(t)¥*
+ g1(®)x%y + gs(Dxy* + go(t)x*y?

According to the formula the perturbed fields which still satisfy the ring structure (though
the ring now is no longer nilpotent) are given by

LACST NS X100
ba(X,1) = — = —%) o

Once again apart from the coupling go(t) all the couplings have dimensions. In order to
segregate this dimensional dependence, we introduce a dimensional parameter s, with U(1)
dimension % to pull out the dimensional dependence from the couplings and redefine the
couplings in terms of dimensionless parameters a(f) (= go(¢) ) and B;(¢) fori = 1,2,...8,
as follows

Wk, yit,5) = 3242yt + Loy 4By (r)x2y+sﬁzcr)xy2+—l;s2ﬁ3(r)x2+§;s2ﬁ4(r)y2
S BSO% + S Ben + 3By + 25 BaOL. .9

The unique chiral primary field with the maximal U/(1) charge is now given by

WX, 1) _ WX, 7) 8g9() _

- — 22
do(X, 1) = YA POV s > Pyt (1) =o' (D2 (1.5)
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Note that this reduces to simply x2y? in the free theory. Let us now consider the theory

with only the marginal perturbation, by setting s = 0. The theory is then defined by the
superpotential

WX, ) = 3x* + 1 + Ja)x®yl, (1.6)
The Hessian of the above superpotential at the criticality is given by
ho(x, 3) ~ 9(1 — a*)xo? yo*
{where the subscript O refers to thé valuesrof the quantities at the critical points of W), and
is clearly non-degenerate for cr?51.
The Grothendieck metric [14], # of the model is given in this case by the expectation
value of the field with the maximal ¢/ (1) charge (1.5) {note that the superpotential defined

above is still quasthomogeneous and hence /(1) charge conservation has to be satisfied),
- and can be calculated by the prescription due to Vafa (see [15]) as follows

1= {$e(X, 1)) = (){x%yY)

/ de dy  x%y?
=e (‘)f ?gc Tt 2l (B WY, W)

(where the contours C, and C, are large enough to contain all the zeroes of W)

_a'(t)f f ﬁdy ry
B J ¢, 2 2701 (53 + axy?(y® + ax?y)

dr dy 1 2\ x2\7?
a'(t)?g ﬁ; 2:'1'12mxy( +ax2) 1+ay2
=d(l+?+a*+ab 4.
&'(¢)
={—1. 1.7
(ew) | a7
The value of the Grothendieck metric would have been simply 1 (according to our

normalizations) in the absence of any perturbationst.
The action for a general N = 2 SCFT is given by

S= fdzzdzeK(X,-,Y,-) + (fdz_deGW(Xf) +CC)

where W is a holomorphic function of the chiral superfields X;. The renormalization-group
{(RG) flow for such a theory is driven solely by the superpotential W (the kinetic term
providing only irrelevant perturbations). In fact, W is presumably not tenormalized—and
hence provides us with an invariant of the RG flow to characterize such two-dimensional
thecries. We shall use this information when we discuss the path integral for such a model.

t The solution to the equation tx’(t}/(lr— a2} =1 is given by a(f) = (00} + tanh£}/(1 + (0} tanh ).



6580 A Mukherjee
Let us now consider the superpotential W defined by
Wix, y, w) = Wolx, y) + Ju* = bx* + Iy* + Ja(0x?y® + ju? (1.8)

where w(z, 7) is a Landau-Ginzburg field of dimension % Note that the addition does not

alter the central charge of the theory. In order to discuss some algebraic and geometric
aspects of the above model, it is convenient to use a slightly different normalization of the
fields. Accordingly we define

XNi=2 XK= Xi=2 a()=200).

The superpotential W now looks like
W(X1, X2, X3) = X1* + Xo* + X3% + a(HDX:2X 2

We can now introduce 2 system of projective coordinates (51, &2, §3) for parametrizing the
superpotential W as follows

X, X3

=X4 _—— - = o—
=X & X, & Xz

It may be noted that the coordinate £, has dimension 1, while the coordinates £, and &5 are

dimensionless.

The Jacobian J = |8(X,, X7, X3)/0(&;, &2, &)[ for the above transformation turns out
to be a purely numerical factor. In terms of the homogeneous coordinates the superpotential
becomes

W, £, £3) = &1l + &* + &2+ a()E).

The path integral for the model defined by the Landau—-Ginzburg superpotential reduces
to:

f [d* X1 1{d* X 2)d2 X s]Jexp (i f Pz d*0W(Xy, X, X3)
— f (£ &[0 Pexp (i f dzd?eg 1+ 5" + &7+ a(:)sfl).
Performing the trivial integral over the £, then leaves us with the delta functional
[tndsisn + &+ + a0z

In other words, we get a path integral over a complex one-dimensional hypersurface, on
the vanishing set of W evaluated in the projective coordinates (1, £, &;). The delta function
constraint imposes the equation

1+& + &%+’ =0
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or equivalently
WX, X2, X3) = E = X)* + Xz* + X5? + a()X2X,2 =0. (1.9

Setting W=0in projective 2-space, we get a one-dimensional torus, whose moduli are
fixed by a. Further by virtue of the existence of a quantum Z4 symmetry of W the volume
of the torus is also fixed to be 1 for all . The coordinates (£, £3) can be regarded as a
patch on a two-dimensional weighted projective space WCP; in which

(X1, X2, Xa)~(e¥ V4 X, et X, e2/2X5), (1.10)

The curve Z defined in the weighted projective space WCIP; by equation (1.9) is obtained by
the identification (1.10). The patch obviously excludes the point X| = 0. The patch selected
is, however, not unique as other patches can be obtained by coordinate transformations.
Curves such as the one X described above have been widely studied and classified. The
curve defined by I has signature {g; &) = (1, 00, 00), where g lists the genus and ¢;, the
orders of the branch points of the curve in the weighted projective space. T is essentially an
orbifold of tori ©/T, where [ is a discrete subgroup 7SO (2) consisting of lattice translations
together with 5§ (2) rotations by angles 2w /4. The equation W=0i is the relation among
the ring of regular functions defined on a line bundle of degree (—2)E7 over a torus. All
this is summarized by the statement that singularity theorists classify the superpotential
W(X 1, X2, X3), (with the non-degeneracy condition a®#4) as belonging to the modality-1
singularity type E7 or Xy type [6]; the Landau—Ginsburg superpotential

W(X1, X2.) = X* + X' +a() X, 2X2

being equivalent to the orbifold SO(4)/Z,.

Finally we make an important observation: the physics descnbed by the superpotential
Wix, y) and the superpotential W(x, y.uw) = W(x, y) + 3 1w?, where the superpotentlal
Wi{x,y) is given by equation (1.6) or by equation (1.4), are exactly identical. This is
because the Landau—Ginzburg field w appears only quadratically in the action and, hence,
may be readily integrated out in the path integral to give us merely a constant phase factor.

2, Explicit solution of the problem

In order to obtain the flat coordintes characterizing the most general deformation of the
superpotential, we follow the method of Lerche et al (see [7]) whlch in our present case,
essentially reduces to, first constructing the function;

q{r)
[WA(e, s)] i

where ¢ is the dimensionless flar coordinate, and s is a parameter of dimension % which
pulls out the dimensional dependence from the other flat coordinates. In general, it can te
shown (for details see [7]) that the following equation holds:
8% 8
U = G (12T (A Zfd.x——-—--— ¢ U @1
35,‘3 Cij ( ) ( + ) [ ]]-_WH'?'(Z' )3 + if ask ( )

where s5; parametrizes a general, versal deformation of the superpotential; our problem is
now reduced to now finding the relation between these general coordinates s; and the flat
coordinates #;. (x«. above is a polynomial basis for the chiral ring.) The C,-,-" are the same
as the structure constants of the 1ing, while I" is essentially the Gauss—-Mannin connection.
Flat coordinates are determined by the requirement that I" = 0 in the above equation.

UG, s) = (=1y'TQ) f [dx} 22 __
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2.1. Determination of the marginal coupling «

For the first part of our calculation, where we wish to solve for the coupling of the
marginal perturbation, it suffices to concentrate only on the s = 0 piece of our perturbed
superpotential. Accordingly, we construct our function U{t, 0) as

t
U@, 0 = (-1'T() f [dx] i )
where, as usual, [dx] =dx' Adx?® A ... Adx” and W = W(x, y,£,s = 0) is the perturbed
superpotential, perturbed by the marginal perturbation, and is explicitly given by
W = Lx* + Ly* + La(t)x®y? (2.2)
where a?£1 from the criterion of non-degeneracy of W. We want to solve for the coupling

a(t) by requiring the connection T to be flat. From the above definition, we readily obtain
the equation

I

atzU(t 0) = —U(t 0+ (~*'T@+1) f [dxlwm (@w” +24'W")

+ TG+ [l g ory

where all primes refer to derivatives with respect to the dimensionless parameter .
The flamess condition then essentially reduces to demanding the vanishing of the terms
proportional to ~1/W**! and those proportional to U/ (¢, 0). Using the explicit form of the
periurbed superpotential (2.2), the above equation reduces to

"

i —U{,0) = -‘LU(: 0+ (— 1)1+'r(x+1) [dx]—— “"+2"—’ lqa'xzyz
o WA.+1 q/2

+ (=D*2T G +2) f [dx] W +2( qa’z)x4y4_ (2.3

Integrating the last term successively by patts to reduce its degree, we obtain, after a
straightforward but rather lengthy calculation, the following simple result;

a*
ae2

qn 1 afz i
—U({,0) = p +Z -1-—_-&-5' U, + (1D + 1)

1 [e 1
xf[dx]wm[ +2L +2(1‘f”a )]2qax 52 24

In obtaining the above tesult we have utilized the following identities in our
simplifications

1 W s OW BWBW
i 4 4=.—-...-.-....- 4 — X ——

. aw w
(u)x4+y4_[ -5—+yaa—y—2a.r y}. (2.6)
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We have also used the result -

0= fwig ()

for any vector V4, to throw away the surface terms.
Now from the above equation, demanding that the terms proportional to ~1/W**1, and
those proportinal to U (¢, 0) should vanish separately, we obtain the following equations:

-+2q +2( i )—o @7
1—a?
¢ 1f @ \_
Lt i() =0 X
The fitst of the above equations can be readily integrated to give
1—2(®)\?
= —1 2.
g(1) ( =5 ) 2.9)

We can here observe that the factor [q‘z(t)], is essentially the conformal rescaling factor
that takes the Grothendieck metric (see equation (1.7)), of W{x, y, ) to the flat metric.

Using the above solution to eliminate g(¢) between the above equations, we finally
obtain the following Schwarzian differential equation for the quantity a(t):

1 z
{o; 1} = g ———=(2") ' (2.10)
—

(where o’ = da/dt etc). We therefore need to solve the above equation (2.10) to obtain the

expression for a(¢). We note that if we trade the parameter a(z) for a new variable 8(z),
defined by

a(t) = sin8{t) . .10
the above equation may be reduced to the form:
{6; 1} = —10"sec?d where 6’ = d0/dr and 8 =0().

Further, using the _propertiesrof Schwarzian derivatives, the above may be written in the
form:

{#; 6} = 1sec’0 where ¢ = ¢(0) and ¢ =dt/d@  ete, (2.12)
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The above equation (2.12) may be readily integrated once to give
1 a
¥(@) =¥+ Ee‘m f dx e/ %sec’x
0

where W (@) = ¢(6)/t'(9). Finally integrating twice, we can obtain the following solution
for t(8):

g
£(8) = 1(0) + '(0) f dz @ (2.13)
o

where the function m(z) is defined by

me) =z (%) +3 fo dy foy dx 6™ 2gecl. 2.14)

We note that the integrals are not reducible any further in terms of any known elementary
functions. The task remaining is, therefore, to invert the above solution to obtain () and
then to finally solve for a(t) using the relation (2.11).

Alternatively, in order io solve the above equation, we note that using the well known
properties of Schwarzian derivatives, we can Tewrite the equation (2.10) in the form

hal= XTI 2.15)

We also observe, in passing that using a further change of varable to x = «~? we can
reduce the above equation to the form

U S U
8x(x —1?  8x2(x-—1)

sl 2 2.
ttx) =2 (2.16)
{where t = ¢(x)). Further we can make an important technical observation here. If we
trade the function a(¢), for the function ¥ (¢) defined by

__(@+3)

re) 27(1 - 0?)°

.17

then it can be seen that the Schwarzian equation for {#; ¥} tells us that y is given by the
modular function, i.e.

y(@) =J(@) (2.18)

where 7 = (gt + b}/(ct + d) for some a,b,c,deC, and ad — bes#0 and J = j/1728 is
the absolute modular invarant function whose g-expansion is well known to be given by
-,-—;l-zg(l +4 744 + - --). Consequently, the definition (2.17) can be inverted and the solution
for aft) can be written down in terms of the Schwarzian triangie functions [16].

However, we shall work with the previous form of the Schwarzian equation (2.15). It
can be seen that the general solution of equation (2.15) for #(¢} can be expressed as the
ratio of two hypergeometric functions.
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We know that a second-order differential equation of the form

d2
w+P(u) —taww=0 . A @9

where w = w(u) gives rise to the non-linear Schwarzian differential equation
& n}=2q) — 1/2p*(u) ~ dp/dp. (2.20)

where (i) = wi(u)/wa(u) and w, - are the two linearly independent solutions of the
equation (2.19). Using the above wisdom, it is easy to see that the general solution #{a) of
equation (2.15) can be expressed as the ratio

t(e) = vi(a)/vna(e) : 2.21)

where v;(e), i = 1,2 are th‘etlinearly independent solutions of the equation:

d ! ]v, @) = (2.22)

— 2.-...._—-—-
[(1 ) 2wdt:t 4

By a convenient change of variable to z = ;—,(1 + &), the above equation can be recast into
a readily recognizable form of a hypergeometric equation:

2

[z(l - Z)% -2z — 1)-;; - %]v,-(z) =0 (2.23)

whose solutions are given by the hypergeometric function F(3, 3; 1, 2).

2.2, Determination of the relevant couplings B;

Next we proceed to systematically determine the couplings B;(1), fori = 1,2,...,8. To
solve for the couplings we must consider the complete form of the perturbed superpotential.
Thus our function U(¢, s) will now be given by

q()

14>
UG.9) = 0 [ 20

‘where the perturbed superpotential is given by

1 1
W(I, »i tls) = Zx4+—

4y4+%a(t)qc?‘y2+331 (t)x2y+sﬁz(t)xy2+%szﬂs(t)x2+-—s""ﬁ.;U)y

—s ?Bs(t)xy + —S3ﬁ6(t)x + ﬂs%my + —s4ﬁs(t)1 (2.24)
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To solve for the couplings B, () and B;(t), we consider the s = O bit of the expression for
82U /51ds, which is given by

UG, 5) 2 ﬁ) (EEC)]
(—5?3_;_)5=0 =D FOH_Z)[ e WHz [( at 3s /dsm0
oW ’w
+ (—DMre + l)f[drlw.wl [ (ﬁ) 4 (3:33)1‘ 0

= (=T +1) [Idxl

o @ By + 4BDy

+ (=IPHTR A+ D f [ g’ B2 -+ GBD)xY

Wl-i-l
+ M0 +2) [l B+ Aay) a0’y

Once again using the identity (2.5) to integrate by parts the last term, we obtain, after
some elaborate simplifications,

82U (£, s) Al f r 'y 3 gbroc 2
(Fa2) = oMira+n 1 o+ anr+ SRS oy

F(=ITAA+D f e [q Brtafs + > M]xyz.

2(1 —a?)
The conditions determining the couplings 8 () and B2(#), therefore require
. 1 3 qﬁlaa
gB1+gB + U= az) 2.25)
. 3 qﬂgtm
g'B+qb’ + = 3T = al) (2.26)

On substituting the value of g(f) from equation (2.9), the above equations may be
readily solved to give the couplings:

Bu() = Cila?(1 — 3T .27)

Po(t) = Col®(1 — o] ’ 2.28)

where ; and C; are constants.

In order to determine the couplings 8:(#), B:(¢) and Bs(t), we have to proceed almost
exactly in the same way, except that now we have to consider the s = 0 piece of 87U /3s%.
Carrying out the explicit calculations we get

22U ol W
(38) o ofieigta(3F),

. 2
+ oo+ f [dx]"ﬁ}%_—z (%)
s=0

(B3x? + Bay® + Bsxy)

= e funighs

+ (-1 +2) f [dx] B2y + B2x%yt +281 8%y,

Wu-z
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- Integrating the last term by parts we fipally obtain and after setting s = 0, throughout
and collecting the similar terms, we get

2 2 _ a2
(39),_=cvmmass gl (R

2 p32
I f[dx]w, s (2225

+ (=DMTR+1) f [dx] g ww [ﬁ + ( be 2)]xy (2.29)
where we have made use of the identities
(i) x4y2 — (1 _ az)—l[xyz 3aW . axzy%] (2‘30)

" - 8W BW

and some of the other previously stated identities to simplify some of the intermediate steps. -
" The couplings are therefore determined by the equations:

Z_n? .

e (B
‘a2 __p2

PR A | @3

Bs+ (Mﬁ'f) 0. . (2.34)

On substituting the valués of the couplings £1(¢) and 8(¢) already obtained (see equation
(2.27), (2.28)), we may readily solve the above three equations to give us the following
values of the three couplings:

-1/2

Bst) = (€ ~aC D1 —a®) T _ (2.35)
Ba(t) = (G — GO —ad) (2.36)
Bs(f) = —4C\Colere’ (1 — o2y, (2.37)

Finally, we come to the question of determining the remaining couplings Bs(t). £7(¢)
and Bg(r). Here, the calculations become much more tedious as we have to consider the
pieces linear and quadratic in s in the expression for 82U/ /352, It may be remarked that
even though the terms independent of s in the expansion of 32U/ /s would finally vanish -
as a consequence of the choice of our couplings B3(r), Ba(t) and Bs(¢), we cannot throw
away all such terms from the very beginning. This caution is needed because in calculating
the couplings B;(f), ... Bs(t), we have made use of several identities in integrating by parts
some of the terms. In all such cases, we have always thrown away all s-dependent terms.
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Now, however, we have to consider all s-dependent terms which may have arisen out of
partial integration in intermediate steps.

We therefore explain our calculations in some more detail in this part of our discussion.
Carrying out the computations explicitly, we have

2

” —UEs) =)o+ 1)

x [0 Tr 80+ fuy? + vy + sbox + syy + bs"fa)

+ (=M +2) f [dx] WW_ (B + Buxy? + 5B+ sBay* + sBsxy
+ 35%Bex + §52 By + L2 s

Expanding out, and keeping terms up to quadratic order in 5, we have

(Bsx* + Bay® + Bsxy)

U(; 5) = (—D*TA+ D) f [dx]W;.ﬂ

+ (1 +2) f [dx] Wm (Bix2y -+ Baxy®)’

(PG4 D) f [dx]—L—s(Bsx + Br3)

WJL-:—I
+ PG+ 2) [ (1L 1B s + BabOn’y + (Bufs + By’
+ BiBx*y + Bafaxy’]

+ (—IMHTR 4 ) f [dx)—I—Le2p

Wl-]—l 2

+ (=M +2 f [dx] WM S1B5%5% + Bay* + 2845y’ + 23 s’y
+ BiBex’y + BaPrxy® + (B1Br + PaBs + Bs® + 283 Ba) 32y 1+ O(s%)...

= (T4 1) f [ax)-L— (8% + B4y + Bsxy)

WJ..+1

+ P04+ [T (0 + B2 +241805%)

+ (~1MPR+ 1) f [dx]—2—s(Box + Bry)

WA-H

+ (—1*F (A +2) f [dx]—L_25(BBax*y + Babiaxy®)

WJL-!—Z

4 (C1r (R 4+ 2) f (@122 (BiBe + Bas) [xyf’E

Wa+2 ox

—x*y — 2sP1xy? — Sﬁzxy3]
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aw
+ DPT R+ 2) f [dx]— Wm C(B1Bs + Babs)— [x oy

—xy* —2sBpxy ~ Sﬁlst’]

[(x“ﬁs + 38

+ (B5> + BiBr + BaBe + 2BsBa)x*Y* + (Bafr + 2BsPs)xy’
+ (B1Bs + 2B 85)x°]
where in obtaining the above equation, we have considered terms that are at most of

guadratic order in s, and have also made use of the following two identities to rewrite
some of the terms in a form amenable to integration by parts:

+ ()T +2) f [dx] W’~+2

aw :
M ax?y’ = [xy—ax— —x*y = 25B1x%y? — sBaxy’ + O(sH) .. ] (2.38)

.. oW )
(ii) ex’y? = [x}'"é‘;' —xy* = 2By — 5B’y + O .. ] (2.39)
After some elaborate simplifications, (some of the details are discussed in the appendix),
we finally have the following result.

The piece linear in s in 82U /8s” is given by

= O+ D [ [ﬁs Bt )
_ (2,6;}34 ) n B2 B2 (5 + 40?) —dﬂzs]

1—a? (1- az)z

F=DMTR+ D) f (dx] Ty [ﬁ7+ (BB + Bos)

N (2ﬂ1ﬁ3 ) N B1822(5 + 40?) — 3apy’ ]

1—a? (1- az)z

The couplings are completely determined by the conditions:

ﬂzﬂ;) Bi*Ba(5 + 4a?) — 3aB,’ ] 0 540

[ﬁ"’ ( 2) T 1y (240
28183 BB (5 + 40?) — 3By

[5‘7 +ti 7 ~——(B1Bs + Baps) — ( az) + (- az) ] 0. (2.41)

Using the values of the couplings 8,(¢), ..., 85(t), the above equations can therefore be
solved to give us the following values of the couplings:

-5/4

Bs(t) = Co(@)¥(1 — ?)
Br(0) = Ci (@)A1 — &%)

[3¢,%(26% — 1) — a(5?] (2.42)

1302207 - 1) —aCY). (2.43)
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Hence at the end of the day, we have the following complete list of all the relevant
couplings-—completely determined as functions of the dimensionless flat coordinate #:

() = Cle(1 — o]

Ba(t) = Cole*(1 — &)
Bi(t) = (G —aly D' (1 —a®)~

1/4

1/2

]

Balt) = (G — aCDl’ (1 — )

Bs(t) = —4CiColet’ (1 — %) %)

Bs(t) = Ca@')2 (1 - &30, 207 — 1) ~ aCy]

B0 = Col@)?(1 - oA 30,20 — 1) — a2,

(2.44)
(2.45)
(2.46)
247
(2.48)
(2.49)

(2.50)

It can be verified that for the above choice of couplings, the Gauss—Manin connection
I' is completely flat. All the couplings being completely determined, the free energy F of
the system can now be obtained; hence all the comrelation functions of the perturbed as well
as the unperturbed theory can be computed (since the free energy F acts as a generator
of the correlation functions of the theory [11). The model can thus be considered as being

completely solved .

Appendix

In obtaining the expressions for the terms linear and quadratic in s in the expansion of
82U /35, we have to rewrite some of the terms in a form which can be readily integrated
by parts in order to reduce its degree. Thus, for example, we can rewrite one of the terms

as follows

Wi +2

2 aw
= (=)L +2) f {d.x]—-—-—-—WZ_I_z (—1 ‘E’az) [xyz(ég—) —ax?y (5)

+ s(@Bix*y — Baxy) +2s(afax’y? — Bix%y%) + s%(afs — B3)xPy*

0200+ 2 [ 1005k ) 82t

+ 4s%Bs(ax’y — xyB)]
where we have made use of the identity

154 oW
(1 -aBxty? = [xyz(—(.;;) —axty (-3—;) +s(efixty — Boxy)

(A1)

+ 25(aBax®y? — Bix?y®) + 5% (@Bs — Ba)x*y* + Ls*Bs(axdy — xy3)]-

(A2)
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The term ~x2y*/W*+2 can also be similarly reduced. Then again, using the identity

(-1 <) A(2)- ()t e
+ s%a(Bs + 2820 )xy* + 52 (s + 28 %)%y

+ sHafs + 581 8)x%y* + O™ ] (A.3)
we can reduce one of the other expressions in the following way:

DR +2) f [dx]ﬁzqﬁlﬁsz

= oMirGen [dxl(z‘?ﬁlﬁz) s [Zaxy +25(Bix + Bay) + %szﬁs}

i
(00642 f a1 (R ) s Beaty + o'y
+ 5% (Bs + 287)xy° + 5% (@B + 2813y
+5sHafs + 581 8)x2y* + O(s%).. 1. (A4)

Adding up all the contributions, and keeping all terms to quadratic order in s, we see that
the terms independent of s, in fact, cancel out by virtue of our choice of the couplings
Bs. Bs, Ps. Integrating by parts the remaining terms, we then have

U
57 = o Ta+ b [1e(5E [(xﬁﬁ +yB)+ ( L )(ﬁlx +ﬁz)‘)]

= PTG+ D [ 1)) ST BB + o) + 3(Bif + Faf)]

+ (=DM +2) f [dx] Wm)x y

2
{25153 - —(}31,64 + BaBs) + ( Br* — BiBs )]

— ol

+ (=M +2) f [dx)( +2)xy

3 2
X [2)32}94 - —(ﬁ1ﬁs + B28s) + (1@?252_&_)]
x3
+ 010,42 [ 1001 ) o 2Bt ~ 265 + Gapi 2B

243
DTG+ () ot — 280 + sapi )

+ (=11 +2) f [dx]( Wm)(x B+ 7B
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+ (- 1)*+'P(l+1)f[dx]wl+l[ s ( bife )ﬁ +—ﬂs]

+( 1)14‘211(1 +2)[[d.x] i [ﬁl (af4 ﬂ3)+ﬁ (aﬁ:i ﬁ4)

1—o?

+ ( 26,72 )(aﬁs +58182) + (B5 + B + Bofs +2B3Bs)
=@t + a8 - L5 | a5)

In obtaining the above results, we have dropped all terms containing ~s2xy* and ~s%x’y,
as use of the identities:

) (1 — adxy® = ay(aa‘f) —x(aaw) +OGs).. “6)
i) (1 — )2’y = ax (aaj’) - y(aaw) +O0).. A

tell us that the contributions from such terms vanish on partial integration.

The final result follows by camrying out similar reduction procedures for the other terms.
A few other important identities that we shall require in our simplifications are listed below.

(i) ax?y® = xy (%) —xty —2sp1x2y? — 5Baxy? + O@H). .. (A.8)
sy 302 oW 4 2.2 3 2

(i) ax’y =xy(¥) —xy' — 28Bax°y —sBix’y + O@). .. (A.9)
(i) (1 —o?)x*y = xy (%) — ax? (Z—T) —5Paxy? = 2B X’V + OGH... (ALO)

(iv) (1 )xy = xy(a;j) —«-ayz(%g-) — 5Py — 2B’y + O(D... . (AQD)

All these identities are constructed aiming at expressing the chiral fields with dimension > 1,

in terms of fields of lower dimensions (by pulling out factors of s), modulo the equations
of motion (namely 9, ,W = Q).
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Corrigendum

Quantum eigenfunctions in terms of periodic orbits of chaotic systems
Agam O and Fishman S 1993 J. Phys. A: Math. Gen. 26 2113-2137

In this paper semiclassical expressions for the Wigner functions corresponding to eigenstates
were obtained. Each of these consists of a contribution from classical periodic orbits
ags well as a smooth part. The main subject of the paper was the investigation of the
contribution from the periodic orbits, and unfortunately the contribution of the smooth part
was overlooked. Therefore several formulae that are presented in this paper should be
corrected. Equation (3.24) should be replaced by a more accurate one, corresponding to
equation (16) of Berry (1989). The various arguments leading to the main result, namely
(3.64), still hold but a smooth term has to be added to this equation. The resulting correct
equation is,

TA(z, E)

Wol@) ¥ S50y

A{Eq) + i) AP(@, Ey)ch™

¥is
—— . Re { —
h2A(Ey) { ey

e . Ey)
% o (pyexy= TN Ea S @ B { &(u, z, Eq ”
5 O \B(K b, BV

where the first term is the smooth contribution while the second was obtained in the original
paper. The smooth term depends on the Airy factor Az, E,) that is just AP(z, E,)
defined by (3.8) and on A;(E) that is the imaginary part of the sum on the RHS of (2.15).
Consequently (3.63) for the smooth part should be disregarded. The equations derived
from (3.64) should be corrected as well. A contribution resulting from the smooth term
should be added to (4.3). The required integral of the Airy factor over the momenta is
given by equations (23),(24) of Berry (1989). A smooth term ﬁf—f—“—l should be added
to the RHS of (5.2). The scar weight should be measured with referencc to the smcoth
background, and the contribution of the background should be subtracted from the integral
of Wy(x) over the tube I, which is of volume T,k on the energy surface. The equality

Y, (Ey) = h—ﬁ%—, p(Ee) still holds but it is no more equal to the integral in (54). A
contnbut;on

A _ 7 A (Eq)

0= m[dxA(m, E.,)O(x)

should be added to the RHS of (5.10). Finally, a term nd(E,)A;(E,) should be added to
the RHS of the sum rule (5.12). :
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